ABSTRACT. Motivated by problems in certain areas of analysis, like measure theory and harmonic analysis, where a-ideals of compact sets are encountered very often as notions of small or exceptional sets, we undertake in this paper a descriptive set theoretic study of a-ideals of compact sets in compact metrizable spaces. In the first part we study the complexity of such ideals, showing that the structural condition of being a a-ideal imposes severe definability restrictions. A typical instance is the dichotomy theorem, which states that a-ideals which are analytic or coanalytic must be actually either complete coanalytic or else Go. In the second part we discuss (generators or as we call them here) bases for a-ideals and in particular the problem of existence of Borel bases for coanalytic non-Borel a-ideals. We derive here a criterion for the nonexistence of such bases which has several applications. Finally in the third part we develop the connections of the definability properties of a-ideals with other structural properties, like the countable chain condition, etc.
(K(E)) -+ K(E) is the union function U(L) == UL == U{K: K E L}, then U is continuous. Also the function U: K (E) x K (E) -+ K (E) given by

U(K, F) = K U F is continuous. (ii) If tp: E -+ E' is continous, then tpl!: K(E) -+ K(E') given by tp"(K) == {tp( x): x E K} is continuous. (iii) If Lis clop en in E the map tp: K(E) -+ K(E)
given by tp(K) = K n Lis continuous.
We will sometimes restrict our attention to O-dimensional (O-dim) spaces E, i.e. totally disconnected ones. Every such space can be always considered a subspace of the Cantor set, and moreover K(E) is also O-dim (in fact K(2W) -{0} ~ 2W).
If I ~ K(E) we say that I is hereditary (resp. an ideal, a-ideal, oo-ideal) if I is closed under ~ (and resp. finite unions, countable unions (which are compact), arbitrary unions (which are compact)). Similar terminology will be used for other families of sets, e.g. a-ideals of G/j sets, Borel sets, etc.
If I is hereditary and AI = {x E E: {x} E I}, then I ~ K(AI ), where for A ~ E, K(A) = {K E K(E): K ~ A}, and if I is an oo-ideal then I = K(AI)'
1.2 The V-propagation lemma. Let f be a class of sets in compact metrizable spaces. Denote by f(E) the class r(E) == f n P (E) . Typical examples will be the classes ~~ (== open), II~ (== compact), ~g (== Ka),IIg (== G/j), ... , Borel, ~i (== analytic), IIi (== coanalytic) , ~~ (== PCA), II~(== CPCA), ... sets. The dual class t is defined by
t(E) = {E -A: A E f(E)}.
For the rest of 1.2 we will restrict ourselves to O-dim compact metrizable spaces. If f is a class of sets in such spaces we let Iff be the class defined by
Vf(E) = {A ~ E:"3B E r(E x 2W)Vx[x E A {:} Vy E 2W(x,y) E 
B]}.
(Note that this notion differs from the one frequently encountered in descriptive set theory, where one works with O-dim Polish spaces, the basic space is the Baire space WW and the V operation is defined over this space. ) We call f a Wadge class if for some A ~ 2 W and for any O-dimE, r(E) = {B ~ E: "3 continuous tp: E -+ 2W (B = tp-l[A] )}. Note that if f is not self-dual, i.e. f -=I-t and A is f-complete then A is a true f-set. And for f <;;; Borel (resp. any r), Martin' s Borel determinacy theorem (resp. AD) implies the converse (see e.g. [M-K] :E~, TI~, which are all closed under V, hence of this form. Let D2 be (in compact metrizable spaces) the class of differences of two TI~ sets, or equivalently the class of intersections of a compact and an open set. These can be also characterized as the sets which are open in their closure, and also as the locally compact metrizable spaces (see [Ku] ). The dual class IJz consists of unions of a compact and an open set, and the ambiguous part of this class is denoted by ~(D2) == ~(D2) == D2 n D2.
It is the smallest Wadge class containing :E~ and TI~.
PROPOSITION 2. We have (i) V(~(D2)) = D2 (= VD2), (ii) VD2 = TIg (= VTIg) , (iii) V:Eg = TI~ (= VTI~), (iv) Forn~1, V:E;=TI;+1 (=VTI;+I)' PROOF. For (i) notice that if A = Ao UA 1 is in D2 (E) , Ao E TI~,Al E :E~, then B = (Ao x {O}) U (AI x {1}) is in ~(D2) in E x 2 and A = :lB. For (ii) A Hurewicz-type result asserts that if a set (in some space) is not in a certain class f, it contains as a relatively closed subset a homeomorphic copy of some fixed non-f-set, which could be called a Hurewicz-witness. Typically, Hurewicz's Theorem [Hu] says that any ni set A in a compact metrizable space E which is not ng contains a closed subset homeomorphic to Q. In fact, one can also construct a homeomorphic copy F of 2 w inside E such that F n A is (through the homeomorphism) identified with Q. One could also say here that the pair (Q,2 W ) is a Hurewicz-witness for non-ng-ness. We now give a (seemingly new) proof of a sharpened and extended version of Hurewicz's theorem. 
In particular, taking B = E -A we obtain Hurewicz's theorem. Note also that the result for A E ni and B = E -A needs some extra hypothesis, since W1 = wf and A = 0 1 ~ 2 w give a counterexample. For an analysis of the set theoretical hypotheses needed for these extensions and a solution to an associated problem of Saint Raymond on characterizations of Polish spaces see the forthcoming [KLSS] . [B] 
, which by Corollary 3 is complete IIi.
Hence no ~i set C can satisfy Ba <;;; C <;;; I, and we are done. (A) The "simple" ones, which are rrg-complete. Typical examples are the nowhere dense compact sets or the Il-measure 0 compact sets for any continuous finite measure 11, on any perfect compact space E. (B) The "complicated" ones, which are rri-complete. Typical examples are the countable compact sets in a perfect compact space E or the compact sets of uniqueness in the circle T.
To finish this section, let us consider the case of Ei a-ideals. It follows easily from the proof of Theorems 4 and 7, that if we use the determinacy of Et games, the Et a-ideals are actually rrg. This indeed can be proved without this additional assumption, using as a key step a lemma of Saint Raymond [StRl] PROOF. Consider
Since I is I:L so is J. So let X be Polish and f: X -J a continuous surjection. Define P <;;; X x K(E) by
Then P is closed in XxK(E), so is Polish. Let cp:
Then cp is continuous and we will check that it satisfies the hypotheses of Saint
Raymond's lemma with cp"(P) = I. It then follows that I is ng. So first let K E I. Then {K} E J, so for some x E X, (x, K) E P and thus cp"(P) ;2 I. Conversely, if (x, K) 
2. Bases for a-ideals of compact sets.
The concept of basis.
Let I be a a-ideal of compact sets in a compact metrizable space. A set B <;;; I is a basis for I if I is the a-ideal generated by B, i.e. if for each K E I there is a sequence {Kn }, Kn E B with K <;;; Un Kn. If B is hereditary this is equivalent to I = Bu' We say that I admits a f-basis if such a basis B can be found in the class f. We will be mainly interested in the problem of existence of Borel bases for n} a-ideals.
First an easy proposition. PROOF. Clearly (iii) * (ii) * (i). Let now Bo be a I:~-basis. By separation find Borel Co with Bo <;;; Co <;;; I. Let B1 be the hereditary closure of Co. Then Bl E I:} and Co <;;; B1 <;;; I, hence there is Borel C1 with B1 <;;; C1 <;;; I, etc. 
, and from work of Dellacherie, Hillard and Louveau [Hi, L 1] . An explicit proof of the result above-together with some generalizations can be found in [Ll, Chapter 3, .
However, one cannot drop the hypothesis that B is hereditary: Let A ~ E be a true E ~ set, and let
Clearly I admits the (hereditary) E~-basis B = {0} U {{x}: x E A}, and we will see in the next subsection that this implies that A admits a IIg-basis. But I is not II}, and so I cannot have a hereditary Borel basis (this can be also seen directly as follows: If C ~ I is hereditary Borel, {x E E: {x} E C} is a Borel subset of A, so C does not generate I). We will see now that the problem of the existence of a Borel basis is equivalent to a classification problem.
For a a-ideal I of compact sets in E, let 1£ (the "local" version of 1) be defined
For example, let I = Kw(2W) ~ K(2W) be the a-ideal of countable compact sets in 2W. It is well known that I is II~-complete. (Here is a simple proof, based on
consists of exactly the perfect compact subsets of 2 w , which is a IIg set.
We have now 
~l and B ~ I, so it is enough to show B is a basis. So let K E I and put 
copy of 2 w , there exists a ng set
First A is a ng set: This is because the function
and KnVn E 7rPn = Bn, so KnV n E I and then K E I.
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Finally we check that A is a basis for I:
We claim that K~ = (K n V n) U K~ is in A, which completes the proof since 
Clearly A ~ I and A is a basis for I.
We prove that A E D2 : First note that Xo is contained in every element of A except {xw} so {xw} is an isolated point in A. Thus it is enough to show
Note again that this is best possible: 
Then A is a basis for I. Now
and we are done. We proceed now to establish a sufficient criterion for nonexistence of Borel bases for II~ a-ideals. As application we will solve completely the problem of when the ideal K (A), A E II~ has a Borel basis and we will give also another interesting example of a II~ a-ideal with no Borel basis. This criterion will look a bit technical at first sight but we will give some motivation immediately after stating it. In particular (using the terminology of 3.2) if I is a true II~ calibrated a-ideal
LEMMA 7 (A sufficient criterion for nonexistence of Borel bases). Let I be a II~ a-ideal in K(E), E compact metrizable and let {In}, I n ~ K(E) and D ~ E satisfy: (a) I n is nonempty hereditary open in K(E), and [K
implies K E I], then I-y = i-y n K(E) ~ I => I has no Borel basis. In other words every calibrated true IIi a-ideal which contains the compact zero sets of some capacity as above has no Borel basis.
If we call, for any capacity I, a set A ~ E 1-thin if there is no uncountable family of pairwise disjoint sets in K (A) of positive capacity, then 
We proceed now to construct for each s E w<w a compact set Ks and an open set Us satisfying the following: 
PROOF. It is enough to show that this ideal is comeager in K (T). Here are two different arguments.
ARGUMENT 1 (DUE TO SAINT RAYMOND). We use the notation of [K-SJ. Let
& 18(0)1 :::: ~ &Vlnl :::: N(18(n)1 ~ !)}, where PM(K) are the pseudomeasures (distributions with bounded Fourier coefficients) with support contained in K. Then the compact sets of multiplicity (= not of uniqueness) are contained in U~=1 FN , so it is enough to show that K(T) -U~=1 FN is dense, since F)./ is closed. But note that this set contains all finite sets of rationals so we are done.
ARGUMENT 2. We show that the class of compact H-sets (again see [K-SJ) Recall that a function 1: P (E) t-+ R + is a capacity on the compact metrizable
In the presence of (i) property (iii) is in fact equivalent to the restriction of 1 to 
Associated with the capacity 1 is a thickness function e-y, defined by e-y (A) = sup{ t E R +: :3<1> uncountable
A set A is 1-thin if e,(A) = 0, i.e. there is no uncountable family of pairwise disjoint compact subsets of A of positive capacity. If E itself is 1-thin, we call 1 thin. When 1 is subadditive so that l-y is a a-ideal, then we have that 1 is thin {:} Borel (E)j l-y satisfies the countable chain condition.
The main result concerning thinness is due to Dellacherie [Dl] :
It follows easily that (<I> is perfect consisting of pairwise disjoint sets &VK E <l>h(K) > tn.
is a rrt a-ideal, and using the same trick as above, that the relation e-y(A) > t is ~t on ~t sets in E. From this it follows that for a capacity 1, the following are equivalent: (i) 1 is thin.
(iv) For some fixed ~, every Borel set B contains a Borel set B' ~ B of rank ::; ~ with i(B -B') = 0 (Louveau) (see [DFM] ).
The previous results can be extended to the following situations: Give the space [Kt] have shown that Uo is complete IIi.
Moreover in this context one has the following.
For an analytic submeasure i = iH on E the following are equivalent:
(ii) There is a measure Il which controls i, i.e.
= o} is Borel (in the codes of Borel sets) (Louveau [L2] ). Notice that from (i), (ii) it follows that if a measure controls iH then LIH is Borel (being equal to Ill' for some Il). In particular no measure can controliR+ i.e. if Il is any measure on T then there is a compact Il-measure 0 set which is not in Uo i.e. is of restricted multiplicity. (This is a known fact-we are only making the point here that it is also a consequence of the classification of Uo as true IIi.)
In the following subsections we will give abstract versions of almost all these results, in the context of IIi a-ideals.
Extending a-ideals of compact sets.
Let I be a a-ideal of compact. sets on a compact metrizable space E. We say that a a-ideal of sets 1 extends I if 1 n K (E)
Of course there is a smallest a-ideal extending I, namely I.,.
there is an abuse of notation here since for each X we denote usually by X.,. the set {A: :3{ An }[''V'n( An E X) & A = Un An]} but this will cause no confusion here). The restriction of I.,. on ~g (E) is the unique extension of I to ~g(E), i.e. any a-ideal 1 extending I must satisfy 1 n ~g(E) = I.,. n ~g(E).
Note also that if I is IIg, resp. IIi in K(E), I.,. n K.,.(E) is IIg, resp. IIi in the codes of ~g sets.
No such uniqueness holds in general for IIg(E). We say however that a a-ideal (i) There is a a-ideal 1 ofng sets extending I and having the inner approximation property.
In this case, ino is the unique a-ideal of ng sets extending I and having the 2 inner approximation property.
DEFINITION. We say that a a-ideal I of compact sets in a compact metrizable space is calibrated if it satisfies (any of) the conditions of Proposition 1.
Thus the a-ideals 1'"1 for I a subadditive capacity or a submeasure are calibrated. We conjecture that the a-ideal of closed sets of uniqueness is also calibrated. On the other hand the a-ideal of nowhere dense closed sets of 2 W is not calibrated.
We prove now Proposition 1. PROOF OF PROPOSITION 1. Clearly (ii) =* (i). To see that (i) =* (ii) note that if 1 ~ ng (E) extends I, then 1 ~ i ng and if 1 has the inner approximation property ing :2 1. Moreover (ii) =* (iii) is obvious. So it remains only to prove
Assume (iii) and let {Hn} be a sequence of ng sets in ing. Let H ~ Un H n , Hn E ino. We want to prove HEino, and for that it is enough to prove that if 2 2 
Such a rp will be called a thickness witness for A.
The proof of this theorem follows easily from the following lemma of Mokobodzki (unpublished, see [DFM] ), independently rediscovered and used for other purposes by many authors (Burgess-Mauldin [BM] , Louveau [L2] 
Note that we never used the fact that I is a a-ideal. 
(ii) If I is calibrated, so is J I. PROOF. (i) Let K ¢:. Jr, P ~ E x 2 w , 1fp = K. Let {KoJaE2w be a thickness witness for P. Then if K~ = (Ka x 2W) n P, 1fK~ = Kat, so choose K~ ~ K~ with 1f K~ ¢:. I. As in the proof of Theorem 2 it follows that there is 'P: 2 W ---+ K (P) with 1f'P(a) n 1f'P(B) = 0 if a =f:. f3 and 1f'P(a) ¢:. I. This completes clearly the proof.
PROOF. (i) By
(ii) If A E"Ei, P ~ E x 2 w is IIg with 1fp = A then we have as before
which is clearly "Ei. Suppose now {An} are I-thin "Ei sets and let {Pn } be IIg sets in E x 2 W with 
PROOF. (i)
If I is not thin let '(): 2 w -+ K (E) be a thickness witness for E.
Granting this, we have that it is ~g, since I is ng and thus the relation F' n '()( a) E Ia is also ng. But H was arbitrary ng, and we have a contradiction.
To prove the claim note that if a
(ii) The proof is similar. Using again a thickness witness for E, and taking a ~i In particular if /1 is a measure and I/-L c:;;; I' then I' is ng, i.e. any calibrated ni a-ideal containing the O-sets of some measure is ng. This can be rephrased as follows.
If I is a calibrated true ni a-ideal and /1 is any measure, then there is a compact set of /1-measure 0 which is not in I.
So this can be viewed as an abstract definability version of the standard result in the theory of sets of uniqueness which says that for any measure /1 there is a perfect set of /1-measure 0 which is a set of restricted multiplicity (the case /1 =Lebesgue measure is of course the famous construction of Menshov).
We prove now these two theorems. PROOF OF THEOREM 9. Assume E is not I-thin, towards a contradiction. Let cp be a thickness witness for E. If A is a control set for I, we have for each ng Question 2 is some kind of weak version of the Maharam conjecture for control by measures (which is itself open). In the context of measures, a partial answer is given by the (second half) of the result of Dellacherie we quoted in 3.1. The same proof gives a similar partial result in the abstract frame.
Say that a a-ideal of Borel sets 1 on E is regular if I = 1 n K (E) is controlled, and normal if it is the intersection of regular a-ideals. (This is the abstract version of 1 being a supremum of measures. ) THEOREM 13. Let 1 be a normal a-ideal of Borel sets on a compact metrizable space E, with the inner approximation property. If 1 n K(E) = I is thin, then I is controlled (hence 1 is regular).
PROOF. The hypotheses imply that Borel (E)j 1 has the c.c.c. As the countable intersection of regular a-ideals is regular (by taking as control set the intersection of control sets), the result follows from the next lemma.
LEMMA 14 (MOKOBODZKI [DFM] 
